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Abstract
An edge set S of a connected graph G is a k-extra edge cut, if G − S is no longer connected, and each component of G − S has
at least k vertices. The cardinality of a minimum k-extra edge cut, denoted by k(G), is the k-extra edge connectivity of G. The kth
isoperimetric edge connectivity k(G) is deﬁned as k(G) = min{(U) : U ⊂ V (G), |U |k, |U |k}, where (U) is the number
of edges with one end in U and the other end in U = V \U . Write k(G) = min{(U) : U ⊂ V (G), |U | = k}. A graph G with
j (G) = j (G) (j = 1, . . . , k) is said to be k-optimal.
In this paper, we ﬁrst prove that k(G)= k(G) if G is a regular graph with girth gk/2. Then, we show that except for K3,3 and
K4, a 3-regular vertex/edge transitive graph is k-optimal if and only if its girth is at least k + 2. Finally, we prove that a connected
d-regular edge-transitive graph with d6ek(G)/k is k-optimal, where ek(G) is the maximum number of edges in a subgraph of G
with order k.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A network can be modelled as a graphG=(V ,E). Edge connectivity (G) is a classic measure of network reliability.
In general, the larger (G) is, the more reliable the network is. However, this criterion has its shortcomings [18]. To
overcome these shortcomings, many generalizations of edge connectivity are proposed, which can be called conditional
edge connectivity [8]. In this paper, we consider two of them, the extra edge connectivity and the isoperimetric edge
connectivity.
Extra edge connectivity was proposed by Fàbrega and Foil [5]. An edge set S of a connected graph G is said to be
a k-extra edge cut (also called k-restricted edge cut in [12]), if G − S is no longer connected, and each component of
G− S has at least k vertices. For a vertex set U ⊂ V , write [U,U ] for the set of edges with one end in U and the other
end in U = V \U , (U) = |[U,U ]|, and G[U ] the subgraph of G induced by U. Then a minimum k-extra edge cut S
is a set of edges with the form S = [U,U ] for some vertex set U, where both U and U induce connected subgraphs
of G with at least k vertices. The cardinality of a minimum k-extra edge cut, denoted by k(G), is the k-extra edge
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connectivity of G. Note that 1(G)= (G), and k(G) does not always exist [3,4,23]. A graph having k-extra edge cuts
is called k-connected.
In view of current studies on k(G), it may be expected that the larger k(G) is, the more reliable the network is.
The existence of and the upper bound for k(G) was studied in [3,4,13,17,23]. Write
k(G) = min{(U) : U ⊂ V (G), |U | = k,G[U ] is connected}.
Esfahanian and Hakimi proved in [4] that 2(G)2(G) if G is 2-connected. Wang and Li [16], Wang [17] and
Bonsma et al. [3] proved that 3(G)3(G) if G is 3-connected. Zhang and Yuan proved that for any positive integer
k(G) + 1, G is k-connected and k(G)k(G) [23]. A graph with j (G) = j (G) (j = 1, . . . , k) is said to be
k-optimal. There are many studies on the optimality of 2(G) (see, for example, [9,11,19]). The study on k-optimal
graphs is just beginning.
In [7], Hamidoune et al. proposed the concept of isoperimetric connectivity. The kth isoperimetric edge connectivity
k(G) is deﬁned as
k(G) = min{(U) : U ⊂ V (G), |U |k, |U |k}.
Clearly, 1(G) = 1(G). Furthermore, if k(G) exists, then k(G)k(G). Let
k(G) = min{(U) : U ⊂ V (G), |U | = k}.
Then k(G)k(G). A graph G with j (G) = j (G) (j = 1, . . . , k) is said to be k-optimal. Write E(U) the set of
edges in G[U ], and
ek(G) = max{|E(U)| : U ⊂ V (G), |U | = k}.
It is obvious that for a d-regular graph G, k(G) = dk − 2ek(G).
Note that k(G) is different from k(G) in that G[U ] and G[U ] are not required to be connected, which brings much
convenience in the study. For example, k(G) exists for any positive integer k|V (G)|/2. Moreover, if one can
prove that k(G) = k(G) in certain circumstances, then the study of k(G) can be transformed to the study of k(G)
which is simpler to be dealt with.
It is mentioned in [7] that k(G) coincides with k(G), which is not true, as can be seen in [15]. The question is when
do they coincide? Wang and Li proved in [15] that k(G) = k(G) when G is a d-regular connected edge-transitive
graph with d3k. We will prove in Section 2 that k(G) = k(G) if G is a regular graph with girth gk/2.
We are also interested in when these two parameters are optimal. By using k as a stepping stone, it was shown in
[20] that for a connected d-regular graph G with d4, if G is vertex-transitive with girth 5g|V (G)|/2, or G
is edge-transitive with girth 4g|V (G)|/2, then G is g-optimal, as well as g-optimal. Note that this no longer
holds for d =3. For example, the 3-cube Q3 is edge-transitive with girth 4, and 3(Q3)=4< 5=3(Q3). In Section 3,
we study the optimality of 3-regular vertex/edge transitive graphs, and show that except for K3,3 and K4, such a graph
is k-optimal if and only if its girth gk + 2. Combining this result with that in Section 2, it can be seen that gk + 2
is a sufﬁcient condition for such a graph to be k-optimal. In Section 4, we give a sufﬁcient condition for a connected
d-regular edge-transitive graph to be k-optimal, that is when d6ek(G)/k. This condition improves the one in [7]
saying that a connected d-regular edge-transitive graph with d3(k − 1) is k-optimal.
The concept of atom was ﬁrst proposed by Mader [10], and its various variations play an important role in the study of
conditional edge connectivities [14]. A vertex set F is called a k-fragment if |F |k, |F |k, and [F,F ] is a minimum
k-extra edge cut. Obviously, if F is a k-fragment, so is F . A minimum k-fragment is a k-atom. Let A be a k-atom,
then G[A] is connected. k-fragments and k-atoms are deﬁned similarly. Write k(G) the cardinality of a k-atom. It
is easy to see that a graph G is k-optimal if and only if j (G) = j (j = 1, . . . , k).
In the following, we use Cn to denote the cycle of length n, Kn the complete graph of order n, Km,n the complete
bipartite graph, G × H the Cartesian product of two graphs G and H, and Mm the Möbius ladder with m rungs, that
is, Mm is K2 × Pm with two edges added such that it is 3-regular, but is not equal to K2 × Cm. For terminology and
notation not given here, we follow [2,6].
2. Equivalence of k and k under restriction on girth
The main result in this section is the following.
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Theorem 1. Let G be a connected d-regular graph of order n and girth g, and let k be a positive integer with kn/2.
If G is k-connected, and k2g, then k(G) = k(G).
To prove Theorem 1, we need the following lemma.
Lemma 1. Let G be a connected graph of order n, size m, and girth g.
(a) If n< 3g/2 − 1, then mn;
(b) If n2g − 3, then mn + 1;
(c) If n = 2g − 2, then mn + 2, with the only exception that GK3,3;
(d) If n = 2g − 1 and g5, then mn + 3.
Proof. Since (see [1])
g
{2(n + 1)/3 when mn + 1,
(n + 2)/2 when mn + 2,
4(n + 3)/9 when mn + 3,
(a) and (b) follow easily. To see (c), suppose mn + 3. Then g4(n + 3)/9 = 4(2g + 1)/9, and thus g4. If g = 3,
then n = 4, and thus m6, contradicting our assumption that mn + 3 = 7. So, g = 4, and thus n = 6, m9. The
only such a graph is K3,3. To see (d), suppose mn + 4. By [2] (exercise 1.7.6(b)), G has at least one pair of edge
disjoint cycles. Let C1 and C2 be such a pair with the least number of common vertices. If |V (C1) ∩ V (C2)|3, then
there exists another pair of edge disjoint cycles C3 and C4 with |V (C3) ∩ V (C4)| = 1, contradicting the choice of C1
and C2. So, |V (C1) ∩ V (C2)|2. Since n = 2g − 1, we have |V (C1) ∩ V (C2)|1. If |V (C1) ∩ V (C2)| = 1, then C1
and C2 are both cycles of length g, and V (G) = V (C1) ∪ V (C2). Since g5, G can contain at most one more edge
outside of E(C1)∪E(C2), and thus mn+ 2. So, suppose |V (C1)∩ V (C2)| = 2. When g is odd, then one cycle, say
C1, has length g, and the other cycle C2 has length g + 1. Furthermore, the two common vertices of C1 and C2 dissect
C1 into two paths of lengths (g + 1)/2 and (g − 1)/2, respectively, and dissect C2 into two paths of lengths (g + 1)/2.
In this case, V (G) = V (C1) ∪ V (C2). It then follows from g5 that E(G) = E(C1) ∪ E(C2), and thus m = n + 2.
When g is even, there may occur two cases. The ﬁrst case is that both C1 and C2 have lengths g, and there is exactly one
vertex v ∈ V (G)\(V (C1) ∪ V (C2)). In this case, the two common vertices of C1 and C2 dissect each cycle into two
paths of lengths g/2, and the vertex v cannot be adjacent to two vertices of V (C1)∪V (C2) since g5. So m= n+ 2.
The second case is that one cycle, say C1, has length g, the other cycle C2 has length g + 1, and V (G) = V (C1) ∪
V (C2). Similarly, we also have m = n + 2 by g5. In any case, a contradiction arises against our assumption that
mn + 4. 
To facilitate the proof of Theorem 1, we restate Lemma 1 as the following:
Corollary 1. Let G be a connected graph of order n, size m, and girth g.
(a) If mn + 1, then n	3g/2 − 1
;
(b) If mn + 2, then n2g − 2;
(c) If mn + 3, then n2g − 1 or G = K3,3;
(d) If mn + 4, then g4 or n2g.
Proof of Theorem 1. When d = 2, the result is obvious. Assuming d3, and k(G)< k(G), we will derive a
contradiction. Let F be a k-fragment. Then, either G[F ] or G[F ] is disconnected, since otherwise k(G)(F ) =
k(G). Suppose, without loss of generality, that G[F ] is disconnected. Let G1, . . . ,Gt (t2) be the components of
G[F ].
Claim 1. Let Gi1 , · · · ,Gil be any l t − 1 components of G[F ]. Then |
⋃l−1
j=1V (Gij )|k − 1.
In fact, if this is not true, then the vertex setF ′=⋃lj=1V (Gij ) satisﬁes |F ′|k, |F ′|k, and(F ′)<(F )=k(G),
a contradiction.
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As consequences of Claim 1, G has the following two properties.
(1) Every component of G[F ] has at most k − 1 vertices.
(2) If two components of G[F ] have cycles, then G[F ] has exactly two components.
An l-set is a vertex subset of V (G) with order l. The following property is easy to see.
(3) If any subgraph of G induced by a k-set has at most k + r edges, then any subgraph of G induced by an l-set with
lk has at most l + r edges.
Let r be the maximum integer, such that there exists a k-set that induces a subgraph with k + r edges. Then,
k(G) = (d − 2)k − 2r . This fact will be used frequently in the proof without mentioning it explicitly.
Claim 2. G[F ] has exactly two components, both having cycles.
Suppose at most one component of G[F ], say Gt , has cycles. Then by property (1) and (3), |E(Gt)| |V (Gt)| + r .
Furthermore, |E(Gi)| = |V (Gi)| − 1 for i = 1, . . . , t − 1. But then,
k(G) = (F ) =
t∑
i=1
(V (Gi)) =
t∑
i=1
[d|V (Gi)| − 2|E(Gi)|](d − 2)|F | − 2r + 2(t − 1)> k(G),
which is a contradiction.
As a consequence of Claim 2, r0 and |V (Gi)|g.
Claim 3. If |F | = k, then G[F ]2Cg .
This follows easily from Claim 2 and
2g |V (G1)| + |V (G2)| = |F | = k2g.
Claim 4. If r > 0, then |F |>k.
Suppose |F | = k. Then it follows from Claim 3 that |E(Gi)| = |V (Gi)|. But then
k(G) = d|F | − 2(|E(G1)| + |E(G2)|) = (d − 2)|F | = (d − 2)k > k(G),
a contradiction.
In the following, suppose |E(Gi)| = |V (Gi)| + ri (i = 1, 2) and r1r2. Then
k(G)k(G) = d|F | − 2(|E(G1)| + |E(G2)|) = (d − 2)|F | − 2r1 − 2r2. (1)
It follows that r1 + r2 12 (d − 2)(|F | − k) + r . Furthermore, if r > 0, then r1 + r2r + 1 by Claim 4.
Case 1: r = 0. In this case, k(G) = (d − 2)k, and r1 = r2 = 0 by property (3). Since
k(G)k(G) = (d − 2)|F |(d − 2)k = k(G),
we see that |F | = k and k(G)= (d − 2)k. By Claim 3, k = 2g, and G[F ]2Cg . Write V (G1)= {u1, . . . , ug}, where
u1, . . . , ug are on the cycle sequentially. Choose a vertex setU ={v1, . . . , vg} such that vi is a neighbor of ui inG−G1.
Note that vi = vj for i = j , since otherwise there will be a g + 1 (< k)-set with g + 2 edges, contradicting r = 0 and
property (3). Set F ′ =V (G1)∪U . Then |F ′|=k, |F ′|k, and(F ′)(d−2)k=k(G) (hence(F ′)=k(G)). So, F ′
is a k-fragment. Since G[F ′] is connected, we see that G[F ′] is disconnected. By a similar argument as above, G[F ′]
has the same structure as G[F ], that is, G[F ′] consists of exactly two components G3 and G4 with G3G4Cg .
Since N(G3) ⊆ F ′, and no vertex of V (G3) can be adjacent to two vertices of F ′ (otherwise, there will be an l-set
which induces a subgraph of G with at least l+1 edges, where lg+3k, contradicting r =0), we see that d3 (for
simplicity, N(G3) is used to denote NG(V (G3)): the set of vertices in G − G3 which are adjacent to G3). It follows
that N(G1)=N(G3)=N(G4)=U . Since V (G3)∪ {u1, u2, v1, v2} is a (g + 4)-set with g + 5 edges, it follows from
r = 0 that g + 4>k = 2g. So, g = 3. Now, it is easy to see that G is the graph in Fig. 1. But then, the set of blackened
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Fig. 2.
vertices F ′′ is a k-fragment (k = 6) with G[F ′′] and G[F ′′] both being connected, which implies that k(G)= k(G),
a contradiction.
Case 2: r = 1. In this case, k(G) = (d − 2)k − 2, and r1 + r22. It follows that r1 = r2 = 1. By Corollary 1(a),
|V (Gi)|	3g/2
 − 1 (i = 1, 2), and thus
k(G)k(G) = (d − 2)|F | − 4
{
k(G) + (d − 2)(g − 2) − 2, g even,
k(G) + (d − 2)(g − 1) − 2, g odd,
}
k(G).
The second inequality holds because |F | = |V (G1)| + |V (G2)|2	3g/2
 − 2k + (2	3g/2
 − 2g) − 2 (note that
k2g is used). This is possible only when the inequalities in the above deduction all become equalities, which results
in the following two cases.
(a) d = 3, g = 4, |V (Gi)| = 5, |E(Gi)| = 6 (i = 1, 2) and k = 2g = 8. In this case, k(G) = 6, GiK2,3, and
|N(Gi)|(V (Gi)) = 3 (i = 1, 2). If |N(Gi)|2, then V (G1) ∪ N(G1) is either a 6-set or a 7-set with at least
9 edges, contradicting our assumption that r = 1. So, |N(Gi)| = 3 (i = 1, 2). Set F ′ = V (G1) ∪ N(G1). Then
|F ′| = k, |F ′|k, and (F ′)6. It follows that F ′ is a k-fragment. Since G[F ′] is connected, we see that G[F ′]
is disconnected, and thus has the same structure as G[F ]. It follows that G is the graph in Fig. 2(a). Set F ′′ the set
of the blackened vertices. Then [F ′′, F ′′] is a k-cut with (F ′′) = 6 = k(G), a contradiction.
(b) d = 3, g = 3, |V (Gi)|= 4, |E(Gi)|= 5 (i = 1, 2) and k = 2g = 6. In this case, k(G)= 4. Similar to the deduction
in Case (a), we see that G is the graph in Fig. 2(b), and thus k(G) = k(G).
Case 3: r = 2. In this case, k(G)= (d − 2)k − 4, and r1 + r23. It follows that r2 = 2 and r11. By Corollary 1,
|V (G2)|2g − 2 and |V (G1)|	3g/2
 − 1.
If r1 = 1, then
k(G)k(G) = (d − 2)|F | − 6k(G) + (d − 2)(	3g/2
 − 3) − 2k(G).
This is possible only when d = 3, g = 3, |V (G2)| = 2g − 2 = 4 and |E(G2)| = 6. But then G2K4, and thus G is not
connected since G2 is already 3-regular.
So r1 = 2, and hence |V (G1)|2g − 2. Then
k(G)k(G) = (d − 2)|F | − 8k(G) + (d − 2)(2g − 4) − 4,
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which is possible only in the following three cases:
(a) d = 3, g = 4, k = 2g = 8, |V (Gi)| = 2g − 2 = 6 and |E(Gi)| = 8 (i = 1, 2). Similar to the deduction in Case 2(a),
G is the graph in Fig. 3(a). By considering the blackened vertices, we see that k(G) = k(G), a contradiction.
(b) d = 3 and g = 3. If furthermore, |V (Gi)|2g − 1 (i = 1, 2), then similar to the above, we see that k = 2g = 6
and G is the graph in Fig. 3(b). But then G is not 6-connected. So we may suppose, without loss of generality,
that |V (G1)| = 4. Then |E(G1)| = 6, and thus G is not connected since G1K4.
(c) d = 4, g = 3, k = 2g = 6, |V (Gi)| = 2g − 2 = 4 and |E(Gi)| = 6 (i = 1, 2). Then GiK4 (i = 1, 2), and
k(G)= 8. Similar to the deduction in Case 2(a), |N(Gi)| = 4 for i = 1, 2. Let u, v be two vertices in N(G1). Set
F ′ = V (G1)∪ {u, v}. Then F ′ is a k-fragment.Since G[F ′] is connected, G[F ′] has the same structure as G[F ],
that is, G[F ′] has two components G3 and G4 with GiK4 and 4 = |N(Gi)| = |N(Gi)∩F ′| (i = 3, 4). But this
is impossible by considering the only four vertices in N(Gi) ∩ F ′ (see Fig. 3(c)) .
Case 4: r = 3.
In this case, k(G) = (d − 2)k − 6, and r1 + r24. It follows that r22.
If r2 = 2, then r1 = 2, and thus |V (Gi)|2g − 2 (i = 1, 2),
k(G)k(G) = (d − 2)|F | − 8k(G) + (d − 2)(2g − 4) − 2.
This is possible only when d = 3, g = 3, |V (Gi)| = 2g − 2= 4 and |E(Gi)| = 6 (i = 1, 2). But then GiK4 (i = 1, 2)
and thus G is not connected.
So r2 = 3 and r11. Hence |V (G2)|2g − 2 and |V (G1)|	3g/2
 − 1.
If |V (G2)| = 2g − 2, then G2K3,3 by Lemma 1(c). It follows that g = 4 and d4 (since G2 is 3-regular and G is
connected). By
k(G)k(G)k(G) + (d − 2)(	3g/2
 − 3) − 2r1k(G) + 6 − 2r1,
we have r13. So r1 = 3, and thus |V (G1)|2g − 2. But then
k(G)k(G) + (d − 2)(2g − 4) − 6> k(G),
a contradiction.
So, |V (G2)|2g − 1. Noting that |V (G2)|k − 12g − 1, we see that |V (G2)| = 2g − 1 and k = 2g. By
k(G)k(G)k(G) + (d − 2)(	3g/2
 − 2) − 2r1k(G) + 3 − 2r1,
we have r12.
If r1 =2, the above inequality is possible only when d=3 and g4. If g=4, then the ﬁrst and the second inequalities
become equalities, so are all inequalities in deriving them. In particular, k = 2g = 8, |V (G1)| = 	3g/2
 − 1 = 5,
|V (G2)| = 2g − 1 = 7 and |E(G2)| = 10. By inequality (1), we have k(G)= 2. Note that |N(G2)| =(V (G2))= 1.
Set F ′ = V (G2) ∪ N(G2). Then F ′ is a k-fragment. By a similar argument as in Case 2(a), G has the structure in
Fig. 4(a). But then G is not 8-connected. So g = 3, and thus |V (G2)| = 5, |E(G2)| = 8. But this is impossible since
|E(G2)|d|V (G2)|/2 = 7.
4566 Z. Zhang / Discrete Mathematics 308 (2008) 4560–4569
Fig. 4.
Fig. 5.
So, r1 = 3, and thus |V (G1)|2g − 2. When |V (G1)| = 2g − 2, we obtain a contradiction similar to the above case
where r2 = 3 and |V (G2)| = 2g − 2. So |V (G1)| = 2g − 1, and thus
k(G)k(G)k(G) + (d − 2)(2g − 2) − 6,
which is possible only when d = 3 and g4. Contradiction follows by a similar argument as above.
Case 5: r4.
In this case, k(G)(d − 2)k − 8 and r1 + r25. It follows that r23. We only show the case that r24. The
case r2 = 3 can be considered similar to Case 4. Since |V (G2)|k − 12g − 1, we see by Corollaries 1(c) and (d)
that |V (G2)| = 2g − 1 and g4. It follows that k = 2g. In the case g = 4, we have |V (G2)| = 7 and |E(G2)|11.
By Turán’s Theorem, |E(G2)| |E(K3,4)| = 12 and K3,4 is the only graph on 7 vertices and 12 edges with girth 4. In
the case g = 3, we have |V (G2)| = 5 and |E(G2)|9. Note that |E(G2)| |E(K5)| = 10. In any case, r1r25 and
d4. By inequality (1), we have
k(G)k(G)k(G) + (d − 2)(|V (G1)| − 1) − 2r1 − 2r2 + 8. (2)
It follows that r14 − r2 + (d − 2)(|V (G1)| − 1)/2. Since |V (G1)|g, we have r1 + r2g + 3.
When g=4 and r2=4, we have r13. So, |V (G1)|2g−2=6. By inequality (2), we have r15>r2, contradicting
our assumption that r1r2.
Wheng=4 and r2=5,we have r12. So, |V (G1)|2g−2=6, and thus r14 by inequality (2). Then |V (G1)|2g−
1 = 7 (hence |V (G1)| = 7). Again by inequality (2), we have r15 (and thus r1 = 5). It follows that both G1 and G2
are K3,4. In this case, inequality (2) is possible only when d = 4. Then, we have k(G) = 8 (by inequality (1)) where
k = 8. Set F ′ =V (G1)∪ {u}, where u is a vertex in N(V (G1)). Then |F ′| = 8 and (F ′)= 6< k(G), a contradiction.
When g = 3 and r2 = 4, we have r12, and thus |V (G1)|2g − 2 = 4. By inequality (2), r13. If r1 = 3, then
|V (G1)|=4 and |E(G1)|=7, which is impossible. So, r1 =4 and |V (G1)|2g−1=5. Then, inequality (2) is possible
only when d = 4 and |V (G1)|= 5. It follows that |E(G1)|= 9, both G1 and G2 are K5 − e and k(G)= 4 where k = 6.
Set F ′ =V (G1)∪{u}, where u is a vertex in N(V (G1)). Then F ′ is a k-fragment with G[F ′] being connected. Similar
to the deduction in Case 2(a), G is the graph in Fig. 4, and k(G) = k(G) by considering the blackened vertices.
When g = 3 and r2 = 5, we have G2K5. In order that G is connected, we see that d5. Similar to the above
deduction, by recursively using inequality (2), we have r1 = 5, both G1 and G2 are K5, d = 5, and k(G) = 10 where
k = 6. Set F ′ = V (G1) ∪ {u} where u is a vertex in N(V (G1)), we arrive at a contradiction that |F ′| = k and (F ′) =
8< k(G). 
Theorem 1 is best possible in the following sense. Let G be the graph in Fig. 5. For k = 2g + 1 = 7, it can be seen
that 7(G) = 2< 7(G).
Remark 1. As a consequence, we see that when k6, k(G) = k(G) for any regular graph G with order at least 2k.
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3. Optimality of 3-regular transitive graphs
In this section, we study the optimality of 3-regular vertex or edge transitive graphs.
Wheneverwe consider k(G) for a regular graphGwith k=2, 3 org(G)k+2, Theorem1 shows that k(G)=k(G).
In addition, k(G)=k(G) for a regular graph with g(G)k+2. Therefore, whenever we consider such graphs below,
we may use k-optimality and k-optimality interchangeably.
The following result was proved by Meng [11] and Xu [19] independently.
Theorem A. Let G be a d-regular connected vertex-transitive graph which is neither a cycle nor a complete graph.
Then G is not 2-optimal if and only if G contains a (d−1)-regular induced subgraph H satisfying d |V (H)|2d−3.
As a consequence, for a 3-regular connected vertex-transitive graph GK4, G is not 2-optimal if and only if G
contains a triangle, or equivalently, G is 2-optimal if and only if its girth g4.
In [21], the authors proved that
Theorem B. Let G be a d-regular connected vertex-transitive graph with girth g4. Let G not be isomorphic to
Cm × K2, Mm, Kd,d and Kd+1,d+1 − M (M a perfect matching of Kd+1,d+1). Then G is not 3-optimal if and only if
G contains a (d − 1)-regular induced subgraph H with 2d − 2 |V (H)|3d − 5.
As a consequence, for a 3-regular connected vertex-transitive graph G with girth g4, G is not 3-optimal if and
only if G contains an induced cycle of length 4, or equivalently, G is 3-optimal if and only if its girth g5.
These can be generalized to k-optimal 3-regular vertex-transitive graphs.
Theorem 2. Let G be a 3-regular connected vertex-transitive graph with girth g, and k a positive integer with
k |V (G)|/2. Suppose G is not K3,3 and K4. Then G is k-optimal if and only if gk + 2.
To prove Theorem 2, we need some preliminary results. A vertex set A ⊂ V (G) is said to be a block of imprimitivity
of G, if for any automorphism 	 of G, either 	(A) = A or 	(A) ∩ A = ∅.
The following lemma can be found in, for example, [6] or [14].
Lemma 2. Let A be a block of imprimitivity of a graph G. If G is vertex-transitive, then G[A] is also vertex-transitive.
If G is edge-transitive and connected, then A is an independent set of G.
The following property of k-fragment is fundamental in our proof, which was proved by Hamidoune et al. [7].
Lemma 3. Let G be a connected graph, k a positive integer with k|V (G)|/2, andA a k-atom of G,F a k-fragment
of G. Then, either |A ∩ F |k − 1, or A ⊆ F .
By taking F as a k-atom and its complement, respectively, we see that
Lemma 4. LetG be a connected graph, and k a positive integer with k|V (G)|/2. If there exist two distinct k-atoms
of G with non-empty intersection, then k(G)2(k − 1).
Now, we are ready to prove Theorem 2. Noting that |V (G)| is even for 3-regular graphs, we shall use |V (G)|/2
instead of |V (G)|/2 in such case.
Proof of Theorem 2. The necessity is obvious if g |V (G)|/2+ 2. So, suppose g |V (G)|/2+ 1, and thus g−1(G)
exists. If g=|V (G)|/2+1, then Lemma 1(c) shows that |E(G)| |V (G)|+2 orGK3,3. If g4, then |E(G)|3g=
3(|V (G)|/2 + 1)> |V (G)| + 2. So, GK3,3 when g4. If g = 3, then |V (G)| = 4, and thus G is K4. Next, suppose
g |V (G)|/2. Let C be a cycle of length g. Then
g−1(G) |[C,C]| = g <g + 1 = 3(g − 1) − 2[(g − 1) − 1] = g−1(G).
So, G is not g−1-optimal. In another word, if G is k-optimal, then kg − 2. The necessity is proved.
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Suppose the sufﬁciency is not true. Let k be the minimum integer such that gk + 2 and G is not k-optimal. Then,
k(G) = k + 2, k(G)k(G) − 1 = k + 1, and k(G)k + 1. By our remarks following Theorems A and B, we see
that k4. So, g6.
First, suppose any two distinct k-atoms of G are non-intersecting. Let A be a k-atom of G. Then A is a block of
imprimitivity of G. By Lemma 2, G[A] is vertex-transitive, and thus regular. Suppose G[A] is l-regular. If l = 2, then
G[A] is a disjoint union of cycles. It follows that |A|gk + 2. On the other hand, |A| = (A) = k(G)k + 1, a
contradiction. If l = 1, then 2(k + 1)2k(G) = 2|A| = (A)k + 1, again a contradiction.
So, there exist two distinct k-atomswith non-empty intersection. By Lemma 4, k(G)2(k−1)2(g−3)< 2g−3.
It follows from Lemma 1(b) that |E(A)| |A| + 1, and thus
k + 1(A) = 3|A| − 2|E(A)| |A| − 2.
So, |A|k + 3g + 1< 3g/2 − 1. By Lemma 1(a), we have |E(A)| |A|. Similar to the above, we have |A|k +
1g−1. It follows thatG[A] is acyclic, and thus |E(A)| |A|−1. But then, by a similar deduction, we have |A|k−1,
a contradiction. 
Corollary 2. Let G be a 3-regular connected vertex-transitive graph with girth g, and k a positive integer with
k min{|V (G)|/2, g − 2}. Then G is k-optimal.
Proof. This follows easily from Theorem 1, Theorem 2, and the observation that k(G)= k(G) since kg − 2. 
It is shown in [22] that the only edge-transitive graphs which are not 3-optimal are the star K1,n−1, the cycle Cn and
the cube Q3. This can also be generalized in the case of 3-regular graphs. In fact, in the proof of Theorem 2, vertex-
transitivity is used only for the case that any two distinct k-atoms of G are non-intersecting (and thus each k-atom is
a block of imprimitivity of G). If we replace vertex-transitivity by edge-transitivity in the proof, then each k-atom A
is an independent set of G by Lemma 2. But then k(G)=(A)= 3|A|3k > k(G), which is a contradiction. In the
proof of Theorem 2, vertex-transitivity is also used in applying Theorems A and B, in order to exclude the cases k = 2
and k = 3. But this step is not needed when proving the theorem for edge-transitive graphs. Hence, we have
Theorem 3. LetGbea3-regular connected edge-transitive graphwith girth g,andkapositive integerwith k |V (G)|/2.
Suppose G is not K3,3 and K4. Then G is k-optimal if and only if gk + 2. Furthermore, G is k-optimal if gk + 2.
4. k-optimal edge-transitive graphs
In this section, we derive a sufﬁcient condition for an edge-transitive graph to be k-optimal.
Lemma 5. Let G be a connected d-regular graph, and k a positive integer with k|V (G)|/2. If G is not k-optimal,
then k(G)>dk(k − 1)/2ek(G) − k + 1.
Proof. Let A be a k-atom of G. Then |A|>k since G is not k-optimal. For any subset F ⊂ A with |F | = k, we have
|E(F)|ek(G). So,∑
F⊂A,|F |=k
|E(F)|ek(G)
( |A|
k
)
.
Counting the left term in another way, we have
∑
F⊂A,|F |=k
|E(F)| =
∑
e∈E(A)
∑
F⊂A,|F |=k
e∈E(F)
1 =
∑
e∈E(A)
( |A| − 2
k − 2
)
=
( |A| − 2
k − 2
)
|E(A)|.
So,
|E(A)| |A|(|A| − 1)
k(k − 1) ek(G).
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Combining this with
kd − 2ek(G) = k(G)> k(G) = (A) = |A|d − 2|E(A)|,
we see that
d(k(G) − k)< 2ek(G)
(
k(G)(k(G) − 1)
k(k − 1) − 1
)
= 2ek(G)(k(G) − k)(k(G) + k − 1)
k(k − 1) .
The result follows. 
Theorem 4. Let k be a positive integer, and G a connected d-regular edge-transitive graph with d6ek(G)/k. Then
G is k-optimal.
Proof. Since an edge transitive graph is 1-optimal (see [6] or [14]), we may assume k2. Let T be a tree of order k
in G. Then k(G)(V (T ))kd − 2(k − 1)< kd. Let A be a k-atom of G. Suppose any two distinct k-atoms of G
are non-intersecting. By Lemma 2, A is an independent set, and thus k(G)=(A)= kd > k(G), a contradiction. So
by Lemma 4, k(G)2(k − 1). Then the result follows from Lemma 5. 
Theorem 4 is best possible in the sense that there exists graph with d = 6ek(G)/k − 1 but is not k-optimal. For
example, Q3 has d = 3 = 6e3(G)/3 − 1, but 3(Q3) = 4< 5 = 3(Q3).
Remark 4. Hamidoune et al. prove in [7] that a connected d-regular edge-transitive graph G with d3(k − 1) is
k-optimal. Note that when G is fairly sparse, our restriction on d is much better.
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